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Abstract. We define a numerical quasi-isometry invariant, -R(r), of a finitely generated 
group r, whose values parametrize the difference between T being uniformly embeddable in 
a Hilbert space and C*(r) being exact. 

1. Introduction 

In his study of large scale properties of finitely generated groups, M. Gromov introduced 
the notion of uniform embeddability. [0]. Recall that a uniform embedding of one metric 
space {X,dx) into another (Yjdy) is a function f : X Y for which there exist non- 
decreasing functions p± : [0, oo) M such that limj,^oo P±(^) = +oo and such that for all x, 

p-{dx{x,y)) < dY{f{x)J{y)) < p+{dx{x,y)). (1) 

The condition lim^^oo Pil?") = +oo is summarized by saying that the p± are proper. In an 
appendix we collect several known facts about the relation between uniform embeddings and 
other notions from coarse geometry. 

Gromov raised the question of whether a finitely generated group that is uniformly embed- 
dable in a Hilbert space (when viewed as a metric space with a word length metric) satisfies 
the Novikov Conjecture [5J. This was answered affirmatively by Yu: 

Theorem (fHlE!)- Let T be a finitely generated group, equipped with a word length metric. 
If r is uniformly embeddable in Hilbert space then T satisfies both the Novikov Conjecture 
and the Coarse Baum-Connes Conjecture. 

Recently, Gromov has proved the existence of a countable discrete group which is not 
uniformly embeddable in a Hilbert space [Zj. On the other hand, it has been observed that 
this group does satisfy the Novikov Conjecture, although it is not known whether it satisfies 
the Coarse Baum-Connes Conjecture [TT|. 
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From the analytic side, E. Kirchberg and S. Wassermann extensively studied the notion of 
exactness of a countable discrete group |T21[ISI. Recall that T is exact if C*(r) is an exact 
C*-algebra, that is, if taking minimal tensor product with C*(r) on each of the terms in a 
short exact sequence of C*-algebras preserves the exactness of the sequence. 

Uniform embeddability is a geometric property of a group, while exactness is more closely 
related to harmonic analysis. It is interesting that there is a relation between these notions. 
Indeed, the connection between these types of properties is related to the Baum-Connes 
Conjecture. Recently, it was shown that exactness of a countable discrete group implies its 
uniform embeddability in a Hilbert space. 

Theorem (^OliniE])- LetT be a finitely generated discrete group. If C*{T) is an exact C*- 
algebra, then T, viewed as a metric space with a word length metric, is uniformly embeddable 
in a Hilbert space. 

One may ask to what extent the converse of this result holds. The question of whether a 
uniformly embeddable group is exact has been studied from various perspectives (see 13 El)- 
In the present paper we introduce a numerical invariant -R(r) of a finitely generated discrete 
group r which can be viewed as parameterizing the difference between the group being exact 
and being uniformly embeddable in a Hilbert space. 

2. The definition of _R(r) 

Although our primary interest is in uniform embeddings into Hilbert space, we will for- 
mulate the basic definitions in the context of general metric spaces. Recall that a function 
/ : X — i> y is large-scale Lipschitz if there exist C > and D > such that 

dy{f{x)J{y))<Cdx{x,y) + D. (2) 

The following example shows that a uniform embedding of a discrete metric space is not 
necessarily Lipschitz, or even large-scale Lipschitz. 

Example 2.1. Let X = { (n, 1/n), (n, 0) : n = 1, 2, . . . } C with the induced metric. 
Define / : X — > by f{n, 1/n) = (n, 1) and f{n, 0) = (n, 0). Then / is a both a uniform 
embedding and a large-scale Lipschitz map but it is not a Lipschitz map. Let Y = {n"^ : 
n G N } C M with the induced metric. Define g :¥ ^M.hy g{y) = y"^. Then is a uniform 
embedding but it is not large-scale Lipschitz. 
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Let Lip^'^(X, y) denote the set of large-scale Lipschitz maps from X to Y. Following 
Gromov jB], define the compression pf oi f & Lip'^(X, F) by 

Pf{r)= inf dy{f{x),f{y)) (3) 

The compression function is a non- decreasing, non-negative real- valued function satisfying 
the first inequality in (P), and has the property that if p_ is a another such function then 
p„ < pf. Consequently, / is a uniform embedding if and only if pj is proper. Always 
assuming that the metric on X is unbounded, we define a real-valued invariant of X as 
follows. 

Definition 2.2. Let X be a metric space with an unbounded metric. 

(i) The asymptotic compression Rf of a large-scale Lipschitz map f G Lip^^{X,Y) is 

hg p*f(r) ^ ^ 

i?. = liminf (4) 

r^oo log r 

where p*j{r) = max{ p/(r), 1 }. 

(ii) The compression of X in Y is 

R{X, Y) = sup{ Rf.fe Up^'iX, Y) }. 

(iii) If Y is a Hilbert space, then the Hilbert space compression of X is 

R{X) = R{X,n). 

Remark. The distinction between p*j and p/ in (jD) is not essential, but is meant to eliminate 
pathology; when p/ is unbounded, the definition (jU is unchanged if we replace p*j by p/. 
Also, observe that Rf > 0. 

Proposition 2.3. The compression of X in Y satisfies R{X, Y) < 1. Indeed, the asymptotic 
compression of a large-scale Lipschitz map f satisfies Rf < 1. 

Proof. Let / G Lip'^(X, Y) and let C > and D > he constants as in Q supplied by fact 
that / is large-scale Lipschitz. Since X is unbounded, there exist sequences x„ and ?/„ G X 
such that r„ = dx{xn, yn) ^ oo. For these r„ we have p/(r„) = 'm.id{x,y)>r„ dyifix), f{y)) < 
Crn + D and, for all sufficiently large n, Pj(r„) < Cr„ + D. Hence 

= Itoinf !^ < liminf'°g'f" + ^' = 1. □ 

r^oo logr n^oo log r„ 

Proposition 2.4. // a metric space X admits an isometric embedding into a metric space 
Y, then R{X,Y) = 1. 
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Proof. If / : X — > y is an isometry, we have P/(r) > r, hence Rf = 1. Thus, R{X, Y) > 1. 
By the previous proposition R{X, y) = 1. □ 

In fact, the same conclusion will follow from the existence of a quasi-isometric embedding 
of X into a Hilbert space (see Theorem I2.12|) . 

Proposition 2.5. If a metric space X admits an isometric embedding into the Banach space 
1^{H) then R{X) > 1/2. 

Proof. Let / : X — /^(N) be an isometric embedding. Define a function g : L^(]R) 
by mapping x > to the characteristic function of [0,a;] and x < to the characteristic 
function of [x,0]. Note that \\g{x) — g{y)\\p(js^^ = \x — y\. For x = (xi,X2,...) G set 
/i(x) = g{xi) © g{x2) © ■ ■ ■ e L2(M) © L2(]R) © ■ ■ ■ . Then it is easily checked that /i o / is a 
uniform embedding with Pj(r) > ^/r. Hence, R{X) > 1/2. □ 

The same conclusion would follow from the existence of a quasi-isometric embedding of 
X into 

We record here some results which will be proved later in the paper. 

Example 2.6. The Hilbert space compression of the metric space obtained from a sequence 
of expander graphs is zero, as is true of any metric space that is not uniformly embeddable 
in a Hilbert space (see Proposition EH} . 

Example 2.7. According to Example 12.41 we have -R(Z) = 1. Further, i?(Z") = 1, for all 
n eN (see Proposition 14. ip . 

Example 2.8. Let F2 be the free group on two generators. We have R{¥2) = 1 (see Proposi- 
tion lOl). 

Our primary interest is when our metric space is a finitely generated discrete group F, 
equipped with the left invariant metric induced by the word length function associated to a 
finite, symmetric generating set. 

The value -R(F) will be shown to be independent of the particular generating set chosen. 
Equipped with a metric in this manner, F is a geodesic space. In fact it will be important 
to have a result that holds even for a quasi-geodesic space. 

Recall that a discrete metric space X is a quasi-geodesic space if there exist 6 > and 
A > 1 such that for all x and y E X there exists a sequence x = Xq, Xi, . . . , Xn = y of elements 
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of X such that 

n 

y^dx{xi-i,Xi) < \ dx{x,y), 
1 (5) 

dx{xi-i,Xi) < 6, for all 1 < i < n. 

Although a uniform embedding of a discrete metric space is not necessarily large-scale Lip- 
schitz (Example 12.11) . a uniform embedding of a quasi-geodesic metric space is. 

Proposition 2.9 ([0]). Let X andY he metric spaces, and assume that X is quasi- geodesic. 
Let f : X Y be a uniform embedding Then f is large-scale Lipschitz. 

Proof. We will only use the existence of p+ (a non-decreasing, non-negative real-valued func- 
tion satisfying the second inequality in (^). Let A > 1 and 5 > be the constants supplied 
by the fact that X is quasi-geodesic. We will show that there exist constants C > 0, D > 
such that 

drifix), f{y)) < Cdx{x, y) + D, for all x,yeX. 

Let X, y E X and let xq, . . . ,Xn be a sequence of elements of X satisfying Q. Extract a 
subsequence Xi^, . . . , Xi^ as follows: io = and, assuming ^o, • • • , ij are already defined, 

{the smallest integer k such that d{xij,Xk) > S/2, 
if such exists; if no such k exists put m = j and 
stop. 

The subsequence has the following properties: 

(i) Xig = X, dx{xi^,y) < 5/2, and 

(ii) 6/2 < dx{x,^^,,Xi^) < 35/2, for 1 < j < m. 

We have the following estimates: 

m 

dvifix), f{y)) < J2 Mfi^^,-J, /K)) + drifixij, f{y)) < mp+{36/2) + p+(5/2), 

(6) 

mS/2 < ^dx{xi^_^,Xi^) < ^dxixi^i,Xi) < \dx{x,y). 
j=i i=i 

From the second we conclude that m < 2S~^Xdx{x,y) which, combined with the first, yields 
drifix), f{y)) < 26-'\p+i36/2) dx{x, y) + p+{5/2). □ 
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We next establish the quasi-isometry invariance of the Hilbert space compression. Recall 
that a function (f: X Y is a. quasi-isometry if there exist C > and D > such that for 
all X, x' E X 



C~^dx{x, x)-D< drUXx), f{x')) < Cdx{x, x') + D, (7) 

The spaces X and Y are quasi-isometric if there exists a quasi-isometry ip: X ^ Y and 
K > such that ip has K-dense range, meaning that every element of Y is within distance 
K of an element in the image of ip. 

Equivalently, X and Y are quasi-isometric if there exist quasi- isometries ip: X ^ Y and 
ijj: Y ^ X and & K > such that 

d{il"f{x), x) < K, for all X G X 

d{ipip{y),y) < K, for all y eY. 

In this case, one calls ip a quasi-isometric equivalence. 

Proposition 2.10. Let ip : Xi ^ X2 be a quasi-isometry. Then = 1 

Proof. By Proposition 12.31 we have < 1. If C and D are constants as in ((7j) supplied by 
the fact that is a quasi-isometry we have C^^r — D < p<^(r), from which we conclude that 
R^>1. □ 

Proposition 2.11. Let f e Up^%X,Y) and g G Lip'"(Z,X). Then f og e Up^%Z,Y) and 

Rfog > RfRg- 

Proof. Let / and g be as in the statement. Direct computation shows that f og is large-scale 
Lipschitz, and further that 

Pfog{r) > Pf{pg{r)), 

and the same for p*. If the increasing function Pg{r) is bounded then Rg = and there is 
nothing to prove. We therefore may assume that limr^oo pg{f) = +00. From this and the 
previous inequality we conclude that 

Rfog = liminf { _^^J^ 



r— >oo 



logr 

"^og p){pg{r))\ riog(p3(r)) 



I \og{pg{r)) \ \ logr 

> RfRg. □ 

Theorem 2.12. Let Xi,X2 be metric spaces. If there exists a quasi-isometry ip : Xi ^ X2 
then R{Xi, Y) > R{X2, Y), for every metric space Y. 
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Proof. Let (f : Xi ^ X2 be a quasi-isometry, and let y be a metric space. If / G Lip^'^(X2, Y) 
then foipE Lip''^(Xi, Y) and it follows from Propositions 12. 1 ll and 12 . lOl that Rjoip > RfRip = 
Rf. Thus we have 

R{Xu Y) = sup{ Rg-.ge Lip'^X,, Y) } > sup{ Rjo^ : / G Lip'^(X2, Y) } 
> sup{ Rf.fe Lip'^(X2, Y) } = R{X2, Y). □ 

Corollary 2.13. // the metric spaces Xi and X2 are quasi-isometric then R{Xi,Y) = 
R{X2,Y) for every metric space Y. □ 

Corollary 2.14. Let T be a finitely generated discrete group. The Hilbert space distortion 
R{T) is independent of the finite, symmetric generating set used to define the length function 
and metric on T. 

Proof. Word length metrics associated to finite, symmetric generating sets are quasi-isometric; 
indeed, the identity provides the required i^'-dense quasi-isometry 0. □ 

3. Uniform embeddings and exactness 

In this section we will relate the Hilbert space compression of a metric space X to uniform 
embeddability, and, in the case of a finitely generated discrete group, to exactness. 

Proposition 3.1. Let X be a metric space. If the Hilbert space compression of X is nonzero 
then X is uniformly embeddable in Hilbert space. 

Proof. Let X be given with R{X) > 0. From the Definition 12.21 of R{X) we see that there 
exists e > and a large scale Lipschitz map / G Lip''^(X, ?-^) with asymptotic compression 
greater than e: 

log p*r(r) 
Rf = liminf — - — > e. 

r^oo log r 

In particular, for all sufficiently large r , we have log p*j{r) > |logr, hence p*j{r) > r^/^. 
Consequently p*j-, and pf, are proper and / is a uniform embedding. □ 

The main result of this section is the following. 

Theorem 3.2. Let T be a finitely generated discrete group. If the Hilbert space compression 
ofT is greater than 1/2 then T is exact. 

The proof of the theorem relies on the following characterization of exactness [TIH 1^ ITij: 
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Proposition 3.3. Let T be a finitely generated discrete group, equipped with word length 
and metric associated to a finite, symmetric set of generators. Then T is exact if and only 
if there exists a sequence of positive definite functions, x F — R, 
satisfying 

for all C > 0, Un ^ I uniformly on the strip { {s,t) : d{s,t) < C} (8) 

and 

for all n, there exist R> 0, such that Un{s,t) = if d{s,t) > R. □ (9) 

We refer to (jH)) as the convergence condition and to as the support condition; a kernel 
r X r ^ R satisfying the support condition is of finite width. 

Under the assumption that -R(r) > 1/2 we will construct a sequence of positive definite 
kernels on F x F satisfying the convergence and support conditions of the proposition. 

Given a complex-valued kernel : F x F — ^ C, define an operator Op(fc) by convolution: 

Op(fc)e(x) = J2 Hx, yny), e e i'{T). (lo) 

We will need both of the following criteria for the boundedness of Op{k) on P{T), (c.f. |15j). 

Proposition 3.4. Under either of the following conditions Op{k) is a bounded operator. 

(i) If k is bounded and has finite width then Op(fc) is bounded 

(ii) {Schur Test) Let k be non-negative and real-valued with the property that there exists 
C > such that 

^k{s,t)<C, forallteT 

(11) 

^fc(s,t)<C, forallseT. 

ter 

Then Op{k) is bounded and || Op(A;)|| < C. 

Proof of Theorem \3.'A Let F be a finitely generated discrete group equipped with the word 
length metric associated to a finite symmetric generating set. Assuming that -R(F) > 1/2 and 
arguing as in the proof of Proposition 13.11 conclude that there exists a large-scale Lipschitz 
map / G Lip'^(F, 7i), an £ > and an ro > such that 

p/(r) > r(^+")/^ for all r > tq. (12) 
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Define, for /c > 1, a function : F x F ^ M by 

Uk{s,t) = e-II^W-^WII''^"', for all s, t G F. 

Since the function — is of negative type each Uk is positive definite by 

Schoenberg's theorem [Tj, and is also normalized in the sense that Uk{s, s) = 1, for all s G F. 
Further, since / is large-scale Lipschitz, the sequence Uk satisfies the convergence condition 
(jHI). However, instead of the support condition Q, they possess a weaker decay property. 
The remainder of the proof will be devoted to approximating the Uk uniformly by finite width 
positive definite kernels so that both the convergence and support conditions hold for the 
approximants. 

Recall that the uniform Roe algebra, C*(F), is the C*-algebra of bounded operators on 
/^(F) which is the norm closure of the subalgebra of operators generated by Op(fc), where k 
is a bounded finite width kernel. 

Lemma 3.5. The operators Op(ufc) G C*{T), for all k > 1. 

Proof. We show that for every k > the kernel m : F x F C defined by 

= e-ll^(^)-^WII'", s, tGF (13) 
defines an element Op(u) G C*(F). To this end, define, for n G N 



kni^S, t) 



u{s, t), if d{s, t) > n 
0, otherwise. 



Note that m — A;„ is a bounded finite width kernel so that Op('U — A;„) G C*(F). Since 
Op(m) = Op('U — kn) + Op(A;„) on compactly supported elements of /^(F), it suffices to show 
that II Op(A;„)|| — > as n — > oo. 

We proceed using the Schur test. Since the k^ are non- negative real- valued and symmetric, 
it is sufficient to check either one of the inequalities in For this, we will show that there 
exists a sequence C„ — ^ such that 

t) = u{s,t) < Cn, for all s G F. 

ter m>nd{s,t)=m 

This, in turn, follows from the assertion that there exists C such that 

J2 '^i^^t)<C, forallsGF. 

n>0 d{s,t)=n 



10 



ERIK GUENTNER AND JEROME KAMINKER 



To obtain C, let a be the spherical growth function of T defined by 

(y{n) = card{ t eT : d{t, e) = n}. 

Denoting by S the fixed generating set of F observe that cr{n) < (card 5)". Combining (fT^ 
and (HSl) see that if d{s,t) = n > tq then n^^+^^Z^ < ^^^^^ < nj^^) _ ^jg^ 
u{s,t) < Let m > tq be sufficiently large such that card(S') < e"™^. We estimate: 

n>0 d{s,t)=n n<md{s,t)=n n>m d{s,t)=n 

<E-(») + E E 

n<m n>m d{s,t)=n 



n<m ?i>m 

r card(5') 1 " 
1 e'^ 

n<m n>m ^ 



(14) 



sE 



/ N f cardfS) 1 ' 



which is both finite and independent of s G F. We set C equal to the right hand side of the 
inequality. This completes the proof of the lemma. □ 

We now complete the proof of the theorem. Since is normalized we have || Op('Ufc)|| > 1. 
It is straightforward to show that since the Uk are positive definite kernels the Op{uk) are 
positive operators. Let Vk G C*(F) be the positive square root of Op{uk) and let Wk G C*(F) 
be operators represented by finite width kernels and such that \\Vk — Wk\\\\Vk\\ — * 0. Define 
kernels Uk by 

Uk{s,t) = {WkSt,Wk6s), s,teT. 
The Uk are positive definite kernels and, since the Wk are represented by finite width kernels, 
the Uk are themselves finite width kernels. Finally, 

\uk{s, t) -u^{s,t)\ = \{ (Op(Mfe) - WlWk) St, Ss ) I 

< \\Vk*Vk-W:Wk\\ 

< \\Vk-WkU\\Vk\\ + \\Wk\\) 

< \\Vk-Wk\\ {2\\Vk\\ + \\Vk-Wk\\), 

which tends to zero as — >■ oo. Consequently Uk — W/t uniformly on F x F and since the 
Uk satisfy the convergence condition so do the Uk- □ 
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This theorem has the following interesting consequence. 

Theorem 3.6. Let f : T ^ Ti he a uniform embedding of a finitely generated group into 
a Hilbert space. Suppose that /(F) (1 Ti. is a quasi- geodesic space with the induced metric. 
Then C*(r) is an exact C* -algebra. 

Proof. Since / is a uniform embedding F is coarsely equivalent to /(T) by Proposition 16.21 
Since both are quasi-geodesic spaces, it follows from Proposition EISl that F is quasi-isometric 
to /(F). But the latter is isometrically embedded in a Hilbert space, so R{f{T)) = 1 by 
Proposition 12.41 By quasi-isometry invariance. Corollary 12.131 we get -R(F) = 1, and hence, 
by Theorem 13.31 C*(F) is exact. □ 

Remark. One might try to argue along the lines of the previous proof to show that any 
uniformly embeddable group is exact. The first difficulty is that if /(F) is not quasi-geodesic 
with the induced metric then there is no way to deduce that -R(F) = 1 even though i?(/(F)) = 
1. However, one need not give up yet. If one could deduce from _R(/(F)) = 1 the existence of 
M„'s satisfying the conditions in Theorem 13.31 then one could pull back the m„'s to F x F and 
they would also satisfy the necessary condition, thus showing F was exact. The difficulty 
here is that the argument used to construct the m„'s depended on the fact that the spherical 
growth rate of a group with a word length metric is at most exponential-a fact that need 
not hold for an arbitrary discrete metric space like /(F). 

4. Behavior of i?(F) under direct sums and certain free products 
Let X and Y be metric spaces. Let X x F be the cartesian product with the metric 

dxxY ((a;, y), (a;', y')) = dxix, x') + dyiy, y')- 

We will obtain a formula for the Hilbert space distortion R{X x Y) in terms of R{X) and 
RiY). 

Proposition 4.1. For metric spaces X and Y we have R{X x Y) = min { R{X), R{Y) }. 

Proof. Note that, for fixed yo G Y, the map x i — > (x, yo) provides an isometry X X x Y . 
Applying Theorem 1213 we conclude that R{X) > R{X x Y). Similarly R{Y) > R{X x Y) 
and so min{ R{X), R{Y) } > R{X x Y). 

We must prove the reverse inequality. Assume that R{X) < RiY). Let e > be given. 
We will show that there exists a large-scale Lipschitz map h: X x Y Ti. such that Rh > 
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R{X) — e. From this one obtains 

R{X xY)>Rh> R{X) -e = min{ R{X), R{Y) } - e, 

and the desired inequahty follows. 

According to the definition of R{X) and R{Y) there exist / G Lip'^(X, Tix) and g G 
Lipi^(F,7^y) such that 

Rf > R{X) - e 
Rg > R{Y) -e> R{X) - e. 
Define h: X x Y ^ H = Hx © 'Hy by h{x, y) = /(x) © g{y)- From the inequality 

< (a' + < a + /?, for all a, /3 > 0, (15) 

v2 

we conclude that /i G Lip^^(X x Y,T-C). It remains to estimate the compression of h, again 
using |TH|l . We have, 

y) - h{x', 2/011 = - fix') © ^/(y) - ^7(2/011 

>^{\\fix)-f{x')\\ + \\g{y)-g{y'm 

If (ixxy((a;, y), {x',y')) > r then at least one of dx{x,x') or dviy^y') > t/2. Consequently, 
Phir) = inf{ \\h{x,y) - h{x',y')\\ : rf^xy ((a;, y), ix',y')) > r } 

> inf { - /(x')ll + - (7(2/0 II ■■ dxMix, v), {x\ y')) > r } 

>-lmin{p, g),p, (0} 



V2 

It follows that. 



i?. = liminf^°^^'^(^ 



logr 

^ r • r • f logP/ (i) logPs (i) 
>limmfmm< — ^ , — ^ 
r^oo 1 logr logr 

= min{ Rf, Rg } > R{X) - e. □ 

We next study a the free product Z * Z. The calculation of R{'L * Z) requires a new 
technique to deform uniform embeddings. It is likely that a variant of this technique will 
apply to other free products (without amalgam), but we will not not address this in the 
present paper. 
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Proposition 4.2. Let ¥2 be the free group on two generators. Then R{¥2) = 1. 

Proof. Let X = (V, E) be the Cayley graph of F2, = F2 being the set of vertices and E 
the set of edges. Let H = l'^{E). Define 

f:¥2^n, /(s) = H 

where 6e is the Dirac function of the edge e and ei(s), . . . , ek{s) are the edges on the unique 
path in the Cayley graph from s G F2 to the identity 1 G F2. Note that k = d{s, 1) so that 
= a/ d{s, 1). Indeed, the following assertions can be verified directly: — f{t)\\ = 

a/ d{s, t), for all s and t G F and ^/r < Pf{r) < y/r + 1. Hence, the asymptotic compression 
of / is 1/2. 

Our strategy for proving the proposition is to produce, by placing appropriate weights 
into the above formula for /, a family of large-scale Lipschitz embeddings G Lip^'^(F2, 7i), 
for < £ < 1/2, such that Rf^ — 1 as e — > 1/2. Denote ^e(x) = x'^ and define weights by 
Ce,n = ^e{n) = forn G N. Define A : F2 ^ P{E) by 

fe{s) = C£,i5ei{s) H \- C£,fc4fc(s), 

where k and ei(s), . . . , efc(s) are as above. 

In order to show that fe is a large scale Lipschitz map it suffices to show that there exists 
C > such that 

d{s,t) = 1 =^ \\f,{s) - /,(t)f < C, for all s, t G F2. 

Let s, t E ¥2 be such that d{s,t) = 1. Denote by k the length of s and, without loss of 
generality, k + 1 the length of t. We have 

SO that the desired inequality follows from the elementary fact that Yl'jL2i^e,j ~ 
finite. Indeed, 

00 00 ^ pj \ 2 00 

YS^e, - Ce,-^ = E ( / < E / (^^(^))' 

j=2 j=2 / j=2 

00 2 

e\^'-^dx 



1 - 2e 

To conclude the proof we must show that Rf^ > 1/2 + e. In view of Definition 12.21 of the 
asymptotic compression it suffices to show that there exists a constant > 0, depending 
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only on e, such that 

Wfeis) - /,(t)f > Cy+^', for all s,te¥2 with > r. 

Indeed, it follows from this that Pf^{r) > -\/C^r^/^+^ for all r > 1 and hence that Rj^ = 
liminf^^oo ^"^og}^^ — + To prove the inequality let s, t G F2 be such that d{s,t) > r 
and assume, without loss of generality, that d{l, s) < d{l,t). Denoting the smallest integer 
greater than r/2 by #(r/2), one checks easily that the edges ei(t), . . . ,e#(r/2)(t) appear in 
the expression for /^(t), but do not appear in that of /e(s). In particular, 

rr/2 2e+l 

ms) - fe{t)r > <i + ■ ■ ■ + > I esix) dx = _^ □ 

5. The equivariant case 

Incorporating an action of the group T the ideas of the previous section yield results about 
amenability and a-T-menability. To this end, we adapt the previous definitions and results 
to the equivariant case. Let F be a finitely generated discrete group, equipped as usual with 
a word length metric. Let X be a metric space on which F acts by isometrics. We define 
the equivariant Hilbert space compression of X by restricting our attention to F-equivariant 
large-scale Lipschitz maps of X into Hilbert spaces equipped with actions of F by ajjine 
isometries. Precisely, define 

, f F-equivariant large-scale Lipschitz maps 

Up^{X,n) = 't (16) 
[/ : A ^ /t, /T a 1 -Hilbert space; 

the definition of the compression and asymptotic compression of / G Lipp(X, 7i) are the 
same as in the non-equivariant case (see and (jH), respectively); the F-equivariant Hilbert 
space compression of X is defined by 

Rr{X) = sup{ Rf.fe Up'^{X,n) }. 

(Compare to Definition 12.21 ) With these definitions in place the following analogs of Theo- 
rem and its corollaries are proved in the same manner. 

Theorem 5.1. Let X andY he metrie spaces on which the countable discrete group F acts by 
isometries. If there exists an equivariant quasi-isometry X then Rr{X) > Rr{Y). □ 

Corollary 5.2. Let T be a finitely generated discrete group. The invariant -Rr(F) is inde- 
pendent of the finite symmetric generating set used to define the length function and metric 
on F. □ 
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Recall that an affine isometric action of F on a Hilbert space Ti consists of an orthogonal 
representation t \ — > tt^ of F on 7Y and a function b : T ^ Ti satisfying the cocyde identity 

b{st)=7rMt))+Ksy, (17) 

this identity insures that 

s I— > s- : F ^ lsom(7i), s ■ x = ns{x) + b{s), xEH, (18) 

defines a homomorphism from F into the group of affine isometries of Ti. An affine isometric 
action is metrically proper if for every bounded set B G Ti. the set { s & T : s ■ B (1 B ^ ^ } 
is finite; equivalently, the cocycle b is proper in the sense that for every C > the set 
{ s G F : ||6(s)|| < C } is finite. A countable discrete group F has the Haagerup property if it 
admits a metrically proper affine isometric action on a Hilbert space. The first part of the 
next theorem is analogous to Proposition 13. H the second part is analogous to Theorem 13.21 

Theorem 5.3. Let T be a finitely generated discrete group. If Rr{T) > then F has the 
Haagerup property. If Rr(T) > |, then F is amenable. □ 

According to the theorem, if a finitely generated discrete group F has an orthogonal 
representation on a Hilbert space that admits a cocycle b of sufficiently rapid growth then 
it is amenable. Indeed, suppose that vr is an orthogonal action of F on 7i. A cocycle b for tt 
is an element of Lipp(F,7i), where we view F as acting on 7i by the affine isometric action 
(I18|l and on itself by multiplication on the left; the required equivariance follows from the 
cocycle identity and it is easy to verify that b is large-scale Lipschitz. Further, one has 

ms)-b{t)\\ = \\Mb{t-'s)\\ = \\b{t-h)\\ 

from which follows that 

pt{r) = inf{ \\b{s) - b{t)\\ : d{s,t) >r} = inf{ \\b{s)\\ : d{s,e) > r }. 
Thus, if an orthogonal action of F on a Hilbert space Ti. admits a cocycle b for which 

fl. = ltoinf!HlM»^?(£l£)^>i 

r^oo log r 2 

then it is amenable. In particular, this is the case if the cocycle satisfies ||&(s)|| > {d(s, e))^^'^^^ 
for some e > 0. 

As an illustration consider once again F = F2, the free group on two generators. As in the 
proof of Proposition 14.21 let X = (V, E) be the Cayley graph of F2, V = ¥2 being the set of 
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vertices and E the set of edges. Let H = P{E) be the Hilbert space of real valued functions 
equipped with an orthogonal action, vr, of F2, and the function 

{characteristic function of the set of 
edges on the unique path from s to 
the identity 

satisfies the cocycle identity (fTTj). Consequently, b G Lipp(F2, /^(i?)), where we equip l'^{E) 
with the affine isometric action ()18j) . 
As remarked earlier, 

||6(s)-6(t)|| = v/rf(M), 

log Ofjivj 

for all s, t G ¥2, and the asymptotic compression of b is Rh = liminf — = 1/2. In 

1 — >oo log r 

particular, the equivariant Hilbert space compression of F2 satisfies Rf^i^^) > 1/2- On the 
other hand, since F2 is not amenable we have i^pjl^^z) < 1/2- Hence Rv2{¥2) = 1/2- This 
should be compared to Proposition |^2l in which we proved, by deforming the cocycle b, that 
that i?(F2) = 1. 

6. Appendix 

In this appendix we review several known relations between uniform embeddings and 
other notions of coarse geometry [.16... We include some of the elementary proofs for the 
convenience of the reader. 

Let X and Y be metric spaces. A coarse map is a function f : X ^ Y satisfying the 
following two conditions: 

(i) For every R> there exists an S* > such that 

dx{x,x') <R^ dyifix), fix')) < S. 

(ii) If S C F is bounded, then f^^{B) is bounded. 

A coarse map f : X Y is a coarse equivalence if there is a coarse map g : Y ^ X and a 
K > such that 

d{gf{x),x) < K, for all x G X, 

d{fg{y),y)<K, for all y G F. ^^^^ 

Proposition 6.1. Let X and Y be metric spaces. A function f : X ^ Y is a uniform 
embedding if and only if it satisfies the following two conditions: 
(i) For every R> there exists an S > such that 

dx{x, x')<R^ drifix), f{x')) < S. 
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(ii) For every S > there exists an R> such that 

dx{x,x') >R^ dY{f{x)J{x')) > S. 

Condition (ii) in this proposition implies condition (ii) in the preceding definition so that 
a uniform embedding is a coarse map. Conversely, coarse map need not be a uniform 
embedding. 

Sketch. Let / : X — > F be a function satisfying (i) and (ii). By virtue of (i) we may define 
a non-decreasing, real- valued function p+ by 

p+(r)= sup dY{f{x),f{y)); (20) 

dx{x,y)<r 

we define p- = pf according to (jHl). These functions satisfy the inequalities on ((H). By virtue 
of (ii), p- is proper, as is p+. 

We omit verification of the converse. □ 

Proposition 6.2. Let X and Y be metric spaces. A function f : X —>■ Y is a uniform 
embedding if and only if it is a coarse equivalence of X with f{X) C Y with the induced 
metric. □ 

Proposition 6.3. Let X and Y be quasi- geodesic metric spaces. A function f : X —>■ Y is 
a coarse equivalence if and only if it is a quasi-isometric equivalence. 

Proof. A quasi-isometric equivalence is always a coarse equivalence; we show the converse 
under the assumption that X and Y are quasi-geodesic spaces. 

Let / : X — i> F be a coarse equivalence. The function defined in ^lU^ satisfies the 
second inequality in (jT)); hence, according to Proposition 12. 9| / is large-scale Lipschitz. It 
remains only to find constants satisfying the first inequality in (|7j). 

Let g : Y X he a coarse map satisfying ()19|) for some K >0. Arguing as for / conclude 
that g is large-scale Lipschitz. Let C > and D > be constants as in the definition of 
large-scale Lipschitz; that is, satisfying 

dx{g{y),g{y'))<Cdy{y,y')+D, 

for all y, y' G Y . Let x and x' G X and calculate 

dx{,x, x ) < dxix, gf{x)) + dx{,gf{,x),gf{x')) + dx{gf{x'),x') 
<2K + CdY{f{x),f{x')) + D 
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from which follows that 

C-^dx{x,x') - C-\2K + D) < dY{f{x),f{x')). □ 

Proposition 6.4. Let X and Y be discrete metric spaces with X quasi-geodesic. A uniform 
embedding f : X —>■ Y is a quasi-isometry if and only if f{X), with the metric induced from 
Y , is a quasi- geodesic space. □ 

Proof. Let f : X —>■ Y he a. uniform embedding and assume that f{X) is a quasi-geodesic 
space. By Proposition l(i.2| / is a coarse equivalence between X and f{X), and by Proposi- 
tion IHSl it is a quasi-isometry. 

For the converse, let / : X — F be a quasi-isometry and let C > and D > he 
associated constants. Let 6 > and A > 1 be the constants as in (jS)) reflecting the fact that 
X is a quasi-geodesic space. We show that two points in f{X) are connected by a sequence 
of points satisfying (jSj) with 6 and A replaced by 

S=^ + D, A= + L 

Let f{x) and f{y) G f{X). We may assume that dyifix), f{y)) > 5', for if not /(x), f{y) 
is the required sequence. As in the proof of Proposition 12.91 we obtain a sub-sequence of 
points in X, xq, . . . , Xm, y connecting x and y and satisfying the required estimates. (The 
subsequence indices are suppressed here for easier reading.) One can show directly that 

dYU{^,-i)J{^,))<5\ dY{f{xJ,y)<S', (21) 
so it remains to verify that 

m 

dvifix.^i), fix,)) + dyifixj, f{y)) < X'dyifix), f{y)). (22) 

i=i 

From the first inequality in ((7j) we conclude that dx{x,y) < C{dy{f{x),f{y)) + D). Since 
dy{f{x), f{y)) > S' one concludes that 

dx{x,y)<c(^l + j^ dy{f{x)J{y)). 

Combining this inequality with (j?H) and the bound on m from ()2.9|) . the sum in (j^^ is 
bounded by 

(2A \ 2A 

— dx{x, y) + lU'<—C {S' + D) dy{f{x), f{y)) + S'< X'dyifix), fiy)), 

where we again use the assumption that dyifix), fiy)) > 6'. This concludes the proof. □ 
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The inclusion of a finitely generated group as a subgroup in another finitely generated 
group is a uniform embedding, but it's range need not be a quasi-geodesic metric space 
with the induced metric; the inclusion of Z in the discrete 3-dimensional Heisenberg group 
provides an example of this phenomenon. 
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